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XVII. Theorems for computing Logarithms. By the Rev. 
John Hellins ; communicated by the Rev. Nevil Mafke- 
lyne, D. D. F. R. S. and AJlronomer Royal. 



Read March 16, 1780. 

rpHE utility of logarithms is fo well known, that 
-* much need not be faid upon it. In our days he 
muft be a flender mathematician who does not know 
that they are ufeful, not only in trigonometry, naviga- 
tion, aftronomy, the calculations of compound intereft 
Vol- LXX. T t and 
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and annuities, but alfo in the finding of fluents, and the 
fummation of infinite feries. 

Some of the greateft mathematicians that this king- 
dom ever produced, as Sir isaac newton, Dr. h^lley* 
Mr. cotes, and Mr* Simpson, have thought it not be- 
neath them to improve the conftru&ion of logarithms, 
which ftrongly argues the utility of thofe artificial num- 
bers, and may fuggeft to us that the conftrudlion of them 
cannot be much farther improved. 

Now, although we ihould be very diffident in our ex- 
pectations of improvement in any part of the mathema- 
tics after it has been handled by fuch great men, yet, if 
the method of computing be in general long and te- 
dious, or if there Hill remain any particular difficulty, I 
believe, no good reafen can be given why every attempt 
to abridge the one, or remove the other, fhould be dil- 
couraged. The eafy method of computing the loga- 
rithms of large numbers given in page 49. of Mr. simp- 
son's pamphlet on Trigonometry is a proof that thofe 
gentlemen, who were of opinion that nothing better was 
to be hoped for,.or expe&ed, than what they publifhed 
on the fubjedt in the beginning of this century, were 
miftaken. And the following theorems, inferior to 
none as to convergency, and ufeful in deducing the lo- 
garithms of great fra&iorts from thofe of fmall ones, or 

the 
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the logarithms of fmall numbers from thofe of great 
ones, may be confidered as another proof of the miftake 
before mentioned. I have only to add here, that thefe 
theorems are new to me; and if they are fo to the pub- 
lic, I humbly prefume they will be acceptable. 

THEOREM I. 



The log. of *±i = % x log. of *±yi + log. of^L. 

DEMONSTRATION. 

*p+^ % ... x ai±ffi sjss l — x jEtffi = app±m ±w - 

2p + qP-qq Zp+qV *P+V~M l *PP + 4-Pq 

PJ+mtll = Lt! : confequently, log. 5±ZL_ + a 1 V+^f 

-lO^.^li. Q. E. D. 
o ^ 

COROLLARY. 

If # = i, and we write n for />, the theorem becomes 
log. ^ = a log. ~~^ + log. g^n > which expreflion 
perhaps is of more frequent ufe than that above* 

THEOREM II. 



u»e>*»***&-v*m 
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DEMONSTRATION. 
*£+*, x 2 _m = a £±1 , = ^ . therefore j og# £+/ _ 

log. ^lli? + log. 2 2±? . But it has been proved above, 

that log. — = a log. 17J7 + log. ^rrj. If now we 
take this equation from twice the laffc there will remain 

a lo g- ~f - lo g- — = 2 lo g- ,5+7 + 2 lo g- "SJ-- * log- 

Sr 1 -^-^- 5 thatis,log.^=:2log.^-.log. 



C O ROX JL A R Y. 

Putting #= i, a&d » =/>, as above, we have 

log. =f' = % log. i£I - log. »SL. , 

I lhall now fet down fome examples of the ufe of 
thefe theorems beginning with theorem i. 

fhefrft example if the utility of this theorem may be in 
computing the logarithm of the number 2. 

It is well known to mathematicians, that the compu- 
tation of this logarithm was formerly a very laborious 

* talk: 
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tafk : and although the work be much fhortened by help 
of the converging feries invented by the illuftrious Sir 
Isaac newton, ftill the logarithm of 2 has not been di- 
rectly computed without many figures by any theorem 
I have yet feen. The eafieft computation of it that has 
come to my hands is in page 44. of the late ingenious 
Mr. Thomas Simpson's pamphlet on Trigonometry and 
logarithms. His feries confifts of the powers of |. 

If now we put n = 1 in the theorem (log. 
- a log. Z!L±1 + w. ES—) we ftiall have log. \ = 

n log. I + log. |. Here then the fractions, whofe odd 
powers are to be ufed, are ~ and ^; confequently, in the 
feries formed from ~, about one half of the number of 
terms taken by Mr. simp son will give the refult true 
to as many places of figures as his; and, from the frac- 
tion •—, much fewer terms will fuffice. To fhow how 
fall thefe feries converge I will fet down of each terms, 
enough to give the logarithm of a true to ten places of 
figures. 
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The odd powers of \ divided by their 
refpedtfve indices. 

0*14285714286 
0*00097 18 1730 
O'OOQoi 189980 
0*00000017347 
0*000000002 75 
0*00000000004 



3 d - 

5 th » 

7 th * 
9th, 

Hth, 



The fum, 0*14384103622 is § 1. of }. 

4 

0*5753641488 twice I. f. 



The odd powers of T *V divided by their 
re(pe£tive indices. 

ift, 0*05882352941 

3d, 0*00006784721 

5th, 0*000000*4086 

7th, 0*00000000035 

The fum, 0/05889 151 783 is fl.of J. 



Log. * 



y, 0*11778303566 
2 log. f, 0*57536414488 



Log. of 2. 0*693 147 1 8054 



But it is obvious, that this operation gives not only 

the logarithm of 2 but that of 3 alfo : for the logarithm 

of 4 being given from that of 2, and the logarithm of f 

computed above, the logarithm of 3 is had, being = log, 

of 4 - log. of f . 

Log. of 4 i # 38629436io8 
Log. of I 0*28768207244 

Log. of 3 1*09861228864 



Other examples of the ufe of thefe theorems injhewing how 
eafily the logarithms of great fra&ions are derived from 
thofe of f mall ones. 

If the logarithm of |i were given, or computed, we 
may very eafily find the logarithm of f£ ; for (by the- 
orem 
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orem 1.) * tog. £± + log. d—- = log. }|. Here the frac- 
tion, whofe odd powers are to be ufed in the feries, is 
y^y, and the very firft term of it, will give the logarithm 
true to twelve places of figures. 

Again, if the logarithm of 4f were to be computed 
from that of J4 found above, we fhould have 2 log. |4 

+ log. |3 — ,= log. ||. Here the fraction to be ufed in 
31!*— 1 * 

the feries is y—r, the firft term of which will give the 
logarithm true to ten places of figures* 

In like manner, from the logarithm of 4} we may find 
that of |; from logarithm of f that of f ; and from the 
logarithm of f that of 4, as is done above- The refpec- 
ti#e fradtions for the feries will be — , -^ and T y. 

Thus far the fractions I have taken have even num- 
bers for their numerators ; let us now take one whofe 
numerator is an odd number |. Here n being = 34, 
log. 2 (i|) = 2 log. I + log. ||; and the fradtion whofe odd 

powers are to be ufed is —. Hence we have the log. 
ofy (for | -r- 1 = y) and may proceed to find the loga- 
rithm^ of 2 as above. But the logarithm of i may be 
cftredtty derived from the equation thus : the equation in 
other terms is, log. 9 - log. 7 = 2 log. 9-2 log. 8 + log. |f- ; 
then, by trarifpofition, log. 8 - log. 7 = log. 9 - log. 8 
+ log. |f^or Ibg; I = lbg. I + log: if. 

3 But 
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Rut when the numerator of the fradlion^ wlibfe loga* 
rithm is given, is odd, theorem 2. is more commodious. 
For talcing f , as before, we have a log. | - log. |4 = log. |, 
where the fraction to be involved is ™. Again, 
2 log. I - log. || = lqg. I, where the fradtion is ~.+ And 
% log. f - log. I = log. f > where we have only to take the 
difference of logarithms, as the logarithm of £ as wellas 
that of I is given. 

All the above cafctilatidiis are of hyperboKc loga. 

rithms ; but the fame theorems hold good for Mr f 

b&iGgs's, or any other* I will give an example in the 

computation of briggs's logarithm of 7 from others 

already known. 

Let the logarithms of 100, 99, and 50, be given; 

then (by theorem I.) 2 log. — + ^ — - log. |f , or 

l0 S- ^ + r lo g* |pZ7 = 5" lo S* lf> and then * *>g. SO 
-flog. If = flog. 49 = tog. 7. 

Log. of ^~ - ©•D043648os40^45 



mmmm 



i log. of |f -■ - - 0-004386962I5373 
flog, of 50 - - p , 849485ooai68or 

JLog* of 7 * * O'84so98o4ooi428 

SCHOLIUM. 
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S C H O L I U M.. 

Neither the number 2, nor the fradlion || is chofea 
as the moft advantageous to begin with in computing a 
table of logarithms; but they are taken as fome of the 
firft that occurred, to fhow the ufe of thefe theorems. 
Perhaps there are other inftances in which they would 
be fhown to much more advantage ; but I hope their ufe 
will appear from the few examples given. They may 
indeed be transformed fa as to be more commodious in 
particular cafes, and there may be fome others derived 
from them, one or two of which I will here put down. 

It is evident from theorem 1 . and 2. that 2 log. ~~~- 
+ log. i±2l~ = a log. 2£t! _ log. S— ; confe- 

, . 2p-\>2q . 2* + ^* i 2p"¥q 

quently, * log. ^f + a log. |g$c£ = 2lo S'-^-> or > 

log- 2 4r = log- TJ? + log. ^— , which may be 

called theorem 3. 

Again, this equation may be thus exprefled: log. 

%p+q-\0g. a/>=log. 2p+2q- log. 2/>+f + \og. 2 J^~\ 

and, by tranfpofition, a log. ip+q = log. 2^+ 2?+ log. a/» 

+ los;. ^±^; , which may be called theorem 4. And 

2/T+jr— qq 

this is, in effeft, one of the theorems given by Dr. hal- 
Vol. LXX. Uu ley, 
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ley, in the Philofophical Tranfadtions, W 2i6 9 and of 
which the do<5tor faid r it converges to very faft, that, in 
his opinion,, nothing better was to be hoped. 

There are yet fome contrivances different from thofe 
mentioned in the beginning of s her win's book of ma- 
thematical tables, or any other that have come to my 
hands, whereby the labour of computing a table of loga- 
rithms is fhortened ; but to explain them would require 
more time than my prefent fituation affords me* 

The observations and reafonings which led me to the 
difeo very of the above theorems*! imagine, need not here 
be mentioned, Such as they are, I beg leave to lay them 
before the candid and IkilfuJ in thefe matters, in hopes 
that the invention will appear to them,, as it does to me, 
a ufeful one* 

It has, indeed^ been obje&ed* by a gentleman of my 
acquaintance, that improvements in the conftru&ion of 
logarithms cannot now be ufeful, becaufe logarithms are 
already conftrudted^ 

I anfwer^ that argument, if it Has any weight r ope- 
rates equally againft Sir Isaac newton, Dr. h alley, 
Mr. cotes, Mr. simpson, and feveral other ingenious 
mathematicians; for logarithms were invented,, and 
tables of them conftru<fted, before their time; fo that if 
I fliould be thought to have mifemployed my time in 

improving 
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improving the computation of thefe artificial numbers, 
I have fome confolation in thinking that I have therein 
followed the example of the very refpeitable company 
juft mentioned. 

I truft, however, that, with mathematicians, every 
improvement in calculation will be acceptable. 




U u s 



